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Transient thermal stress distribution in an adhesive butt joint is considered. It is assumed
that both the upper and lower end surfaces of the joint are maintained at different
temperatures at a certain instant in time and that no heat transfers between the side
surfaces of the joint and ambient air. In the analysis, two adherends were replaced with
finite strips and unsteady temperature distribution in the joint was obtained theo-
retically. Then the transient thermal stress distribution in the joint was analyzed using a
two-dimensional theory of elasticity. The effects of the ratios of the coefficient of thermal
expansion and Young’s modulus of the adherend to those of the adhesive on the thermal
stress distribution were clarified from numerical calculations. Furthermore, the transient
stress distribution in the adhesive was measured by a photoelastic experiment on a joint
where the adhesive was modelled by an epoxy plate. The experimental results were con-
sistent with the analytical results.

Keywords: Transient thermal stress; theory of elasticity; thermoelastic potential; photo-
elasticity

1. INTRODUCTION

Adhesive joints are now widely used in engineering structures because
they have several attractive features. These include the ease by which
different materials are joined; lightened joined structure; and uniform
stress distribution, especially when compared with conventional bolted,
riveted and welded joints.

*Corresponding author. Tel.: 81-466-34-4111, Ext. 635, Fax: 81-466-34-9527.
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Electronic devices are composed of different kinds of small compo-
nents and a substrate and they are mostly joined by soldering or adhesive
bonding. In electronic devices, mechanical and thermal properties of the
component materials and an adhesive bond, such as Young’s modulus,
Poisson ratio, the coefficient of thermal expansion and the thermal
conductivity, are generally quite different from each other. Therefore,
thermal stresses are generated easily in the device when it is under some
temperature distribution and they may cause a failure or a fracture of the
device even if it is free from any mechanical loading. Some analytical
work [1-3] has been carried out on the thermal stresses in electronic
devices or in adhesive joints subjected to temperature changes. However,
these are mostly in the case of a steady-state temperature and the
analytical [4] and experimental [S, 6] studies concerning transient
thermal stresses and strength are few.

The aim of this study is to clarify transient behavior of the thermal
stress in an adhesive butt joint when both the upper and lower surfaces
of the joint are heated suddenly, at a certain point in time, by a sur-
rounding fluid, after bonding and curing at a uniform temperature. In
the analysis, unsteady one-dimensional temperature distribution in
the joint is examined using the Laplace transform and the residue
theorem, and then the transient thermal stress distribution is analyzed
using a two-dimensional theory of elasticity. The effects of mechanical
and thermal properties of the joint on the transient thermal stress
distributions at the interface between the adherends and the adhesive
are clarified by numerical calculations. In addition, photoelastic experi-
ments were carried out in which an epoxy resin plate was modelled as
the adhesive and the numerical results were compared with the experi-
mental ones.

2. THEORETICAL ANALYSIS

Figure 1 shows an analytical model of an adhesive butt joint where
two adherends are joined by an adhesive at uniform temperature. In
the analysis, the following thermal conditions are assumed: initially
the joint is kept at 0°C, and both the upper and lower surfaces of the
joint are heated suddenly by surrounding with fluid of temperatures 7T,
and T, respectively, while the side surfaces of the joint are insulated.
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FIGURE 1 Analytical model of adhesive butt joint.

Heat transfer coefficients between the upper and lower surfaces of the
joint and surrounding fluid are denoted as «,, and o, respectively. Two
adherends and the adhesive are replaced with finite strips 1, 2 and 3.
The thickness and the width of each finite strip are denoted by 24;
(i=1,2 and 3) and 2/, respectively. In the figure, x; and y; axes are
adopted as the coordinates and the origins O, O, and O; are fixed at
the center of each finite strip. The Young’s modulus, Poisson’s ratio
and the coefficient of thermal expansion of each finite strip are denoted
by E,, v;and (3, respectively, and these material properties are assumed
to be constant and independent of temperature.

2.1. Temperature Distribution

In the first step of the thermal stress analysis, the temperature distri-
butions in each finite strip should be obtained. For the joint model
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shown in Figure 1, there is no temperature change in the thickness, z-
direction, of the joint so that the analysis can be simplified by treating
the heat conduction problem as a one-dimensional problem governed
by the coordinate y; since the side surfaces of the joint are insulated.
Thus, the fundamental equation for one-dimensional transient heat
transfer 1s simply expressed as Eq. (1), where the transient temperature
distribution in each finite strip is denoted by T {(y;, #),i = 1,2 and 3[7].

T i(yi,t) _  8*Tii1)
or dy? ()

where, ¢:time, a:thermal diffusivity (= K/gc¢), K:thermal conductiv-
ity, o:density and c: specific heat.

The initial and thermal boundary conditions of the joint are expressed
as the following Eqgs. (2) and (3), respectively.

T{(,0) =T5(y2,0) = T§(y3,0) =0 2)

IBT{(hlj f)
I
Ti(—h,t) =T5(hy, 1)
Ty (—h, 1) _ K T 5(hy, 1)
1 o ? 0y
T5(=hy, t) = T4(hs, 1)

t(_ t
K, OT (=, t) K; OT 4(h3, t)

K =, {T, — T (h, 1)}

K

Oy2 oy3
t

K3M = a;{Tg(h3, l) — T[}
8}’3 J

Using the Laplace transform of the temperature distribution, 7 y;, 7,
the transformed transient temperature distributions, T }( y;,w), in each
finite strip governed by Eq. (1) can be expressed as the following Eq.
(4) [4] taking account of the initial condition of Eq. (2).

T (yiyw) = A7 cos(yiwy;) + B sin(viwy;) 4)

where L{T!(y;,t)} = T}(y;,w), w*= —s (s: Laplace parameter),
v =1/a;,i=1,2,3.
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A} and B} are the unknown coefficients, which should be deter-
mined so as to satisfy the boundary conditions of Eq. (3). By substitu-
ting Eq. (4) into the Laplace-transformed boundary conditions, these
equations are written as the following matrix form:

*® * * * * * 1
[akl]{A1aBlvA2aBz’A3aBs}T :E{Ck} (k,I=1~6) (5)

where, [ax] is the coefficient matrix, a superscript 7 designates the
transposition of the vector and {c.} is the constant vector.

Using Cramer’s formula, A} and B can be determined from Eq. (5)
and the temperature distributions in the transformed domain are ex-
pressed as Eq. (6).

A7 (w) cos(yiwyi) + B (w) sin(yiwy:)
SA(w) (6)

T;(yiaw) =

A(w) = |ag| = det[ag)

In this equation, A(w) is the determinant of the coefficient matrix [ag]
and the coefficients A } (w) and B} (w) are defined as the determinant of
the matrix in which the (2i — 1)-th column and 2i-th column in the
matrix [az;] are each replaced by the constant vector {cg}.

Finally, using the residue theorem, the transient temperature distri-
butions in the domain of time are given by the summation of the resi-
due as the following Eq. (7).

© 2exp(—w?rt) — .
Ti(i, 1) = Z"mj_ [A}(w) cos(yiwyi) + B (w;) sin(viw;yi)]

=1
)

where w; represents the j-th positive roots of A(w) = 0(j=1,2,3,...)
and A'(w) is defined as the partial derivative of A(w) with respect to w
and expressed as Eq. (8).

dA(W)

Alwy) =—

(8)

W=y
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Secondly, the fundamental equation for the steady temperature distri-
bution, T5(y;), is expressed as the following Eq. (9) and the thermal
boundary conditions are expressed similarly as Eq. (3).

T ()

—L2r=0 (i=1,2and3) (9)
ay?

From the solution of Eq. (9), the steady temperature, Tj(y;), is written

as the following from taking account of the initial condition of Eq. (2).

Ti(vi) = Aj + By (10)

where A{ and B are the unknown coefficients determined similarly so
as to satisfy the above boundary conditions of Eq. (3). Finally, the
temperature distribution in the joint is obtained by adding the tran-
sient component expressed in Eq. (7) to the steady component ex-
pressed in Eq. (10).

2.2. Thermal Stress

In order to analyze the thermal stress distribution in the joint,
thermoelastic potentials Q(y,#) and Q°(y), obtained from the
respective transient and steady temperatures as shown in Eq. (11),
are adopted in this study. The potentials Q% v;, 1) and Q°( y) can be
expressed as Eq. (12) from Egs. (7) and (10), respectively.

Vzﬂf(yi, 1) = T,t-(y,‘,t) (11)
VA (i) = T3 (v)
o _2exp(—w?t) __ —
Qllyit) = Y~ [AFcos(vwyyi) + B sin(yiwpy;
00 =3 ) o) sl |

2 3
sYi s Vi
Qi (vi) = 4] '54‘ B; r3

The thermal stresses and the displacements obtained from the
thermoelastic potential, , are expressed as Eq. (13) using a subscript o.
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where G is the shear modulus.

In practice, however, the boundary conditions with regard to the
stresses and the displacements in the joint, which are expressed as
Eq. (14), are not always satisfied by only the thermoelastic potential, €2.

At the side surfaces of the joint,

X=FH:10 =00 =03 =Tyl =T =Tz =0
Both upper and lower surfaces of the joint,
Yy=th oy =Ty =0, y=-h3:0y3 =743 =0
and at the interfaces between the adhesive and the adherends,

v v
. _ _ i yl _ OVy2
y=—hi, +hy:0y = 0y, Txyl = Tiy2, Uxl = Ux2, Bx B
ov ov
. y2 _ UVy3
y= ‘h27 +h3 Oy2 = Oy3, Txy2 = Txy3, Ux2 = Ux3, ox  ox J
(14)

In order to satisfy these boundary conditions completely, the thermal
stress distributions and the displacements in the joint are analyzed using
the Airy stress function, x (x,y), which must satisfy the biharmonic
equation (15).

VAV (x, y) =0 (15)

The stresses and the displacements obtained from x (x,y) are ex-
pressed as the following Eq. (16) using a subscript a:

_aZX _aZX ___82X
Oxa = ay2> Oya = Ox2’ Txya = dxVy
dx 1 B¢ Ix 1 8¢
o 99 2Gry =~ X g 1
2Gta 6x+1+1/8y’ Oy 8y+1+1/(9x (16)
0%¢
2.,
where, V Xﬂ(?x(?y'

The Airy stress function, x (x,y), which is suitable for the present
joint model, is chosen from the solutions of Eq. (15) in consideration
of Egs. (13) and (14) and expressed as follows [3]:

x{(x,y)=x0+x1+x2+x3+ x4 (17)
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Xl:ZAaZ

n=1“"""n

— sinh(an!) a,x sinh(a,x)] cos(ay,y)

[{sinh(a,!) + anl cosh(a,l)} cosh(a,x)

= B
+ZQ)\

s=1 "%

[{sinh(Ash) + Ak cosh(Ah)} cosh(Ay)

— sinh(Agh) Ay sinh(Ay)] cos(Asx)

i z - [{sinh(e}/) + &/ cosh(ay, 1)} cosh(a),x)

nOl

[l

n=1

— sinh(a/) o,x sinh(e/,x)] sin(cy)
00 iés . |
+ Z] m [{COSh(Ash) + Ash Slnh()\sh)} Slnh()\xy)

— cosh(Ah) Ay cosh(N,y)] cos(Asx)

o0 <!

A
X3 = Z X *— {cosh(e,]) e, x sinh (e, x)
n=1 na n

— aIsinh(o,,/) cosh(al x)} cos(aly)

!

+ZQ/B)\,2{cosh()\ h)A§ ysinh(Aly)

— Athsinh(A’A) cosh(ALy)} cos(Ax)

0 ZI )
x4 = Z < ’(;2 {cosh(a,!) cx sinh(a,x)

n=} n“n

— al sinh(ay,l) cosh(ea,x) } sin{a,y)
+ Z Szlijf - {sinh(X\h) X’y cosh(A}y)

s=1 285 g

— Ahcosh{\'h) sinh(\y)} cos(Alx)
nt,  (2n— L= _sw
RO = T M
(2s - D _
TR (n,s =1,2,3,...).

and o, =

A=

In Eq. (17), Ao, Bo, An, Bs,...,Al, B, (n=5=1,2,3,...) are un-
known coefficients. The thermal stresses and the displacements in the
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joint are calculated by superposing each component of the stresses
and the displacements obtained from the thermoelastic potential, Q,
on those obtained from the Airy stress function, x (x, y), and by substi-
tuting the obtained values into the boundary conditions of Eq. (14), the
infinite simultaneous equations with these unknown coefficients are
derived. Then the coefficients can be determined by solving the
simultaneous equations numerically and, finally, the thermal stresses
and the displacements of each strip can be calculated.

3. EXPERIMENTAL METHOD

In photoelastic experiments, an epoxy resin plate, the width, the height
and the thickness of which were 80, 20 and 6 mm, respectively, was
used as an adhesive in the joint. The epoxy resin plate was placed
between the upper and lower adherends and was bonded to each
of them at a constant temperature (30°C) by an epoxy adhesive
(Cemedine Co., EP128), the mechanical properties of which were
similar to those of the epoxy resin plate. Afterwards, both the upper
and lower surfaces of the joint were cooled instantaneously by sur-
rounding with cold water or only the lower surface was cooled and
the upper one was surrounded by air, while the side surfaces of the
joint were covered with heat-insulating material. Figure 2 shows
the experimental setup, and the shaded area in the figure indicates the
cross section of an acrylic resin water tank.

An isochromatic fringe pattern produced on the epoxy resin plate
was observed by photoelasticity and photographed at various inter-
vals. Two models of the adhesive butt joint were examined; one was
made of steel plates and the other of copper plates as the adherends.
Table I lists the material properties of the adherend plates and the
adhesive used in the experiment.

4. ANALYTICAL RESULTS AND COMPARISONS
WITH EXPERIMENTAL RESULTS

In order to estimate the thermal strength of an adhesive butt joint
subjected to the transient temperature changes, the thermal stress
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FIGURE 2 Experimental setup (dimensions in mm).

TABLE I Properties of the materials in the joints used in the experiments

Steel Copper Epoxy
Thermal conductivity K, W/(mK) 54.0 380 0.3
Density p, kg/m> 7830 8900 1400
Specific heat ¢, J/(kgK) 460 410 1500
Thermal expansion coef. 3, (1/K) 11E-6 16.5E—6 60E—6
Young’s modulus £, GPa 206 125 3.4
Poisson ratio v 0.3 04 0.38

distributions at the interface between an adherend and an adhesive are
examined numerically.

In numerical computations of the transient component of the tem-
perature distribution, the thermoelastic potential and the Airy stress
function, shown in Eqgs. (7), (12) and (17), respectively, the number of
terms of the infinite series is taken as 100 so that a satisfactory degree
of convergence is expected.

4.1. Numerical Results

Figure 3 shows the transient temperature variation with respect to the
dimensionless time, Fourier number F,, which is defined as a,¢/h} and
hg is the total height of the joint (=2h; + 2k, + 2h3) in this analysis,
when both the upper and lower surfaces of the joint in which the
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FIGURE 3 Transient temperature distribution in the y-direction (7, = T, = —10°C,
hilhy = 2, E\JE, = 100, 35/8, = 100, K\/K; = 10).

adherends are made of the same material are cooled instantaneously
by surrounding fiuid of the same temperature 7, = T; = Tp = —10°C.
In the figure, the ordinate indicates the temperature variation which is
normalized by T and the abscissa the position in the y-direction also
normalized by /. In this case, since the temperature distribution is
symmetrical with respect to the x, axis where the origin is fixed at the
center of the adhesive, the temperature variation in the upper half of
the joint is shown in the figure. It is seen that the gradient of the
temperature distribution in the adhesive is larger since its thermal
conductivity is smaller than that of the adherends, and the tempera-
ture becomes uniform in the joint after passage of a long time. The
joint was considered to be at a steady temperature state when the
dimensionless time F, = 100.

Figures 4(a), 4(b) and 4(c) show the normal, o,, o, and the shear,
Txy, thermal stress variations which are normalized by (E; 3, Ty), at
the interface between the adherend and the adhesive, respectively. The
abscissa in the figures is also normalized by half the width, /, of the
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FIGURE 4 Transient thermal stress distributions at the interface (T, = T, = —10°C,
thy =2, E|JE, = 100, 3,/3,; = 100, K,/K; = 10). (a) Normal stress distribution, o,;
(b) Normal stress distribution, oy; (c) Shear stress distribution, 7.
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FIGURE 4 (Continued).

joint. From the figures, the normalized transient thermal stress, oy,
becomes compressive near the ends of the interface between the adhe-
sive and the adherend, while it is tensile in its middle section. However,
it changes to tensile and becomes singular at the ends of the interface.
The thermal stress, o, increases uniformly with an increase of the
dimensionless time throughout the interface; however, in contrast,
the thermal stresses, o, and Ty, increase rapidly near the ends of the
interface with a short passage of the dimensionless time. The stresses
o, and 7, decrease rapidly approaching the edges of the interface and
they become 0 at the exact edge (x = +/) at any time. On the other
hand, the stress o, shows a stress singularity at the edges of the
interface.

Figure 5 shows the transient temperature variation when the lower
surface of the joint is cooled instantaneously by the surrounding fluid
at — 10°C, while the upper one is surrounded by air at 0°C (7, = 0°C,
T;= Ty = —10°C) and in Figure 6, the normalized thermal stress
distribution, o,, at the interface between the adhesive and the lower
adherend is shown. It is seen from the figure that the value of the
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FIGURE 5 Transient temperature variation in the y-direction of the joint (T, = 0°C,
T; = —10°C, l/hy = 2, E\/E> = 100, B,/8 = 100, K,/K> = 10).
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FIGURE 6 Transient thermal stress distribution, o), at the lower interface (T, = 0°C,
T, = —10°C, h/hy = 2, E{/E; = 100, 8,/8, = 100, K,/K, = 10).
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thermal stress is smaller than that for the case where both the upper
and lower surfaces are cooled by surrounding fluid at the same tem-
perature, T, = T; = — 10°C, shown in Figure 4.

Figure 7 shows the effects of the coefficient of thermal expansion
ratio, 32/, on the normalized thermal stress distribution, o), at the
interface for the case where T, = T; = Ty = — 10°C and the dimen-
sionless time F, = 0.5. From the figure, the compressive thermal stress
increases steeply near the ends of the interface as 8,/3, increases.

Figure 8 shows the effects of the Young’s modulus ratio, E/E,, on
the normalized thermal stress distribution, o,, at the interface for the
case where T, = T, = Ty = — 10°C and dimensioniess time F, = 0.5.
Similarly to Figure 7, the compressive thermal stress increases steeply
near the ends of the interface as E;/E; increases.

4.2. Experimental Results

Figures 9 and 10 show examples of isochromatic fringe patterns gen-
erated on the epoxy resin plate modelled as an adhesive in the joint.

0.2
01 |
= 10
«Q, — — e ——
5 0
e \\ u
-01 |
B2/ B, =100
-02 | ] ] 1
0 0.2 04 0.6 08 10
x/!

FIGURE 7 Effect of coefficient of thermal expansion ratio, 5,/3;, on the thermal stress
distributions at the interface (T, = T, = —10°C, F,=0.5, hi/hy, =2, E\/E, = 100,
K/K; = 10).
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FIGURE 8 Effect of Young’s modulus ratio £,/E, on the thermal stress distributions
at the interface (T, = T; = — 10°C, F, = 0.5, hi/h, = 2, 3>/ = 100, K;/K> = 10).

Because of the symmetry with respect to the y axis, the fringe patterns
on a half, the left-hand side, of the epoxy plate are shown in the
figures.

The numerical results of the principal stress difference which
coincides with the isochromatic fringe in principle are also shown
for a half, the right-hand side, of the epoxy plate. Numbers shown in
the numerical results indicate the orders of isochromatic lines. In these
figures, T, and T; were denoted as the temperature difference between
cooled water or a room temperature and a curing temperature (30°C)
of the joint. In the numerical calculations, we used the heat transfer
coefficients, c, of 3 x 107> W/(mm?K) and 3 x 107> W/(mm>K) when
the upper and lower surfaces of the joint were cooled by surrounding
water at 0°C and by air at 30°C, respectively. For easy comparison of
these two results, the dimensionless time is taken as F, = apt/ h% using
the thermal diffusivity of the epoxy plate, a, (= 0.14 mmz/s).
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FIGURE 9 Photoelastic experimental results and comparison with the numerical
results. (Steel adherends, T, = T; = —30°C, E|/E, = 60.6, 3,/3, = 5.45, 2h| = 2h3 =
10mm, 2k, = 20mm, 2/ = 80 mm). (a) Photograph at F, = 0.02, Numerically-obtained
isochromatic pattern; (b) at £, = 0.10; (c} at £, = 0.20; {d) at F, = 0.80.

Figure 9 shows the fringe pattern variations with the dimensionless
time when both upper and lower surfaces of the joint were surrounded
with cooled water of 0°C (T, = T; = — 30°C). Both adherends of the
joint were made of steel. Figure 10 is the case where the lower surface
of the joint was surrounded with cooled water of 0°C, while the upper
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FIGURE 10 Photoelastic experimental results and comparison with the numerical
results. (Copper adherends, T, = 0°C, T, = —30°C, E\/E; = 36.8, 3,/3, = 3.64, 2h, =
2h3 = 10mm, 2k, = 20mm, 2/ = 80 mm). (a) Photograph at F, = 0.02, Numerically-
obtained isochromatic pattern; (b) at F, = 0.10; (¢) at F, = 0.20; (d) at £, = 0.80.

surface was surrounded with air at 30°C, (T, = 0°C, T, = - 30°C).
Both adherends were made of copper. From Figures 9 and 10, it is seen
that the thermal stress concentration occurs near the ends of the
interface and it increases with the passage of time; moreover, the
numerical results obtained by the present transient thermal stress
analysis are consistent with the experimental ones in each case.
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5. CONCLUSIONS

The study deals with the transient thermal stress analysis in an
adhesive butt joint when both the upper and lower surfaces of the joint
are suddenly exposed to a surrounding fluid of constant temperature.
An epoxy resin plate was used to model the adhesive and the thermal
stress distribution in the epoxy plate was measured by photoelastic
experiments and the experimental results were compared with the
analytical ones. The results obtained are as follows:

(1) A method to analyze the transient thermal stress distribution in an
adhesive butt joint when both the upper and lower surfaces of the
joint are subjected to temperature change by a surrounding fluid is
demonstrated by using the two-dimensional theory of elasticity.

(2) The effects of the coefficient of thermal expansion and Young’s
modulus ratios between the adherend and the adhesive on the
transient thermal stress distributions at the interface are clarified
numerically.

(3) Photoelastic experiments were carried out in order to confirm the
transient thermal stress analysis. The experimental results were
consistent with the numerical ones.
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